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Abstract 



. We study the Moyal anticommutators and their expectation values between vacuum 

states and non-vacuum states for Dirac fields on noncommutative spacetime. Then we 
construct the propagators of Moyal star-products for Dirac fields on noncommutative 
spacetime. We find that the propagators of Moyal star-products for Dirac fields are 
equal to the propagators of Dirac fields on ordinary commutative spacetime. 
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Spacetime may have discrete and noncommutative structures under a very small mi- 
croscopic scale. The concept of spacetime noncommutativity was first proposed by Snyder 
many years ago [1] . The purely mathematical development on noncommutative geometry was 
carried out by Connes [2]. To combine Heisenberg's uncertainty principle and Einstein's grav- 
itational equations, Doplicher et al. proposed the uncertainty relations for the measurement 
of spacetime coordinates [3]. In recent years, spacetime noncommutativity was discovered 
again in superstring theories [4]. It has resulted a lot of researches on noncommutative field 
theories [5,6]. 

In noncommutative spacetime, we can regard the Moyal star-product as the basic product 
operation. Therefore we need to study the commutators and anticommutators and propaga- 
tors of Moyal star-products for quantum fields on noncommutative spacetime. In Ref. [7] we 
studied the commutators and propagators of Moyal star-products for noncommutative scalar 
field theory. In this paper, we will study the anticommutators and propagators of Moyal 
star-products for noncommutative Dirac field. 

In noncommutative spacetime, spacetime coordinates satisfy the commutation relation 
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where is a constant real antisymmetric matrix that parameterizes the noncommutativity 
of the spacetime. There is a map between field theories on ordinary spacetime and on 
noncommutative spacetime. For field theories on noncommutative spacetime, they can be 
obtained through introducing the Moyal star-product, i.e., all of the products between field 
functions are replaced by the Moyal star-products. The Moyal star-product of two functions 
f(x) and g(x) is defined to be 

f(x)*g(x) = e^ v ^4- f( x + a )g(x + (3)\ a=f3=0 

oo ,:,n 1 

= f(x)g{x) + e^---e^d, 1 ---d,J(x)d vl ---d Un g(x) . 

n=l VZ/ U - 

(2) 

The Moyal star-product of two functions of Eq. (2) is defined at the same spacetime point. 
We can generalize Eq. (2) to two functions on different spacetime points [6]: 

f( Xl )*g(x 2 ) = e^ v ^W-f(x 1 + a)g(x 2 + (3)\ a=f3=0 

oo . ■ x n -1 

= /(zi)<7(*2) + E U -r iVl ---0^d, 1 ---d,J{x l )d vl ---d Vn g{x 2 ) . 

n=l VZ/ U - 

(3) 

Equation (3) can be established through generalize the commutation relation of spacetime 
coordinates at the same point to two different points: 

K,4]=^. (4) 

We can also expect to search for a grounds of argument for Eq. (4) from superstring theories. 
To consider the free Dirac field on noncommutative spacetime, its Lagrangian is given by 

C = if) * i^d^if) — mif) * if) . (5) 

The Fourier expansions for the free Dirac fields are given by 

d 3 p I m 



#M) = / J2^T2^ P T,iKP,s)u(p,s)e-^ + d\p,s)v(p,s)e^ 
^(x,t) = / jt^M E [b\p,s)u(p,s)e^ + d(p,s)v(p,s)e-^ 

\ Z7T ) ' V s=l,2 



(6) 

where E, p = p Q = +^/|p| 2 + m 2 . In Eq. (6), the spacetime coordinates are treated as 
noncommutative. They satisfy the commutation relations (1) and (4). The commutation 
relations for the creation and annihilation operators are still the same as in the commutative 
spacetime: 

{b(p,s),tf(p>,s')} = ^ 3 (p-p') , 
{d(p,s),J(p',s > )} = 5 ss ,5 3 (p-p > ) , 
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{b(p, S ),b(p',s')} = {d( P ,s),d( P ', S ')} = , 

{b\p, s),b\p', s')} = {S{p, s),S(p', /)} = , 
{b(p, s),d(p', s')} = {b(p, s),S(p', s')} = , 

{d{p, s),b(p', s')} = {d{p, S ), 6V, s')} = . (7) 
The spinors u{p, s) and v{p, s) satify 

J2 u a (p,s)u p (p,s) = y^™ ) , 

s=l,2 \ la.fi 

J2 v a (p,s)vf3(p,s) = (£— — ) . (8) 

s=l,2 V Zm /a/3 

We define the anticommutator of the Moyal star-product for Dirac field to be 

{lfj a (x),Tpp(x')}* = 1/J a (x) *1pp(x') + i)p{x') *ljj Q (x) . (9) 

Equation (9) can be called the Moyal anticommutator for convenience. From the Fourier 
expansion of Eq. (6) for the free Dirac fields, we can calculate the Moyal anticommutator of 
Eq. (9). It is given by 

{M*)rfpW}* = l d y/,t m { Y,UP,s)u a {p,s)e-^ + d\p,s)v a {p,s)e^% 

J (2tt) j y/EpEp, L s =i, 2 

£ [b\p', s')up(p', s>yv'-*' + d(p', s')v p {p', it)e-*-*\} 

s'=l,2 * 
1^ I TP ^ ({^' S ^ S ^~ tP ' X > ^' V«M> 

V p p' s ' s ' 

+ {b(p, s)u a (p, s)e~^ x , d(p', s')vp{p', s')e-^- x '}^ 
+ {S(p, s)v a (p, syv*, tf(p', s')up(p', s')e ipW }^ 
+{d*ip, s)v a (p, s)e^, d(p', s')v p {p', s')e- ip '- x '}2 . 

(10) 

In Eq. (10) there exist two kinds of noncommutative structures, field operators and spacetime 
coordinates. Because the spacetime coordinates are noncommutative in Eq. (10), we cannot 
apply the anticommutation relations for the creation and annihilation operators of Eq. (7) 
directly to obtain a c-number result for the Moyal anticommutator. 

In order to obtain a c-number result for the Moyal anticommutator, we can calculate its 
vacuum expectation value. We have 

(0|{^(x),^(x')},|0) 

f^f i -p £ {{ b (P, s)u a {p, 8 )e-**, b\p>, s')Mp\ *')e^X 
V v p' s > s ' 
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d 3 p m 
d 3 p 



+ {d\p, s)v a (p, s)e^ x , d(p', s')v p {p\ s')e-^'- x '} J |0> 
^2 [u a (p, s)u/3(p, s)e~ ip ' x ★ e tp ' x ' + v a (p, s)vp(p, s)e~ ip ' x ' * e ip ' : 



= I — 

J (2n 



(2n) 3 2E p 

d 3 p 
{2nf2E p 



+ m) Q/3 exp(-p x p)e 



-ip-(x-x') 



+ 



X ^^p-xl 



m) al3 exp(-pxp)e ip - {x x>) 



(11) 

where p x q = p^O^qu and in the last equality we have applied the formula (3). Because 9 pv 
is antisymmetric, p x p = 0, we obtain 

(o|{vaz),^(<>}*io> 

J0^ p [(4 + m)^e-*-^ + {£> - m) a ^ p < x ' x '\ 

= (i jd x + m) a p iA(x - x') 
= -iS a p(x - x') , 

where the singular function A(x — x') is defined to be [8,9] 

1 



A(x -y) = 



(2n) 3 J cu k 



" k e ik <*- y) smu k {x -y ) 



(12) 



(13) 



So the result of Eq. (12) is equal to the anticommutator of Dirac field in ordinary commutative 
spacetime: 

{ip a (x), iip(x')} = (i p x + m) a/3 iA(x - x') = -iS af3 (x - x') . (14) 
It is obvious to see that this equality relies on the antisymmetry of 9^ u . We can also obtain 



(0|{^(x),^(x')},|0) = (0\{^ a (x)^ p (x')U0) = . 



(15) 



When (x — y) is a spacelike interval the singular function A(x — x') is zero. Therefore we can 
obtain the vacuum expectation value for the equal-time anticommutator to be [9] 



(0|{^(x,t),^(x',t)},|0) = - 7 Vo A ( x " x > ~ x ' )U°=*' = 7!/(x-x' 



(16) 



We can also calculate the expectation values between non-vacuum states for the Moyal 
anticommutator (9). Let represent a normalized non- vacuum physical state for the system 
of Dirac field quanta in the occupation eigenstate: 



\*) = \N pi (s,s')N p2 (s,s')---N Pi (s,s') ...,0> 



(17) 



In Eq. (17) we use N Pi to represent the occupation number for the momentum pi, and use 
(s, s') to represent four kinds of the spinors u(p, s) and v(p, s). N Pi (s, s') can only take the 
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values and 1. We suppose that the occupation numbers are nonzero only on some separate 
momentums p^. For all other momentums, the occupation numbers are zero. We use to 
represent that the occupation numbers are zero on all the other momentums and spins in Eq. 
(17). The state vector \^/) has the following properties [10]: 

(N Pl (s, s')N P2 (s, s') ■ ■ ■ N Pt (s, s') ■ ■ ■ \N Pl (s, s')N p2 (s, *')••• N Pi (s, s') ■ ■ •> = 1 , 

]T | N P1 (s, s')N P2 (*,*')••• N n (s, s>) ■ • •) (N P1 (s, s')N P2 (s, s') ■ ■ ■ N Pi (s, s') ■ ■ ■ \ = 1 , 

N P1 (s,s')N P2 (s,s')- 

(18) 

a s ,A Pt )\N Pl (s, s')N P2 (s, s') ■ ■ ■ N^s, s')0 Pi (s, s')N Pi+1 (s, s') ■ ■ •> = , 
a s ,s'(Pi)\N Pl (s, s')N P2 (s, s') ■ ■ ■ s')l Pi (s, s')N Pi+1 (s, s) ■ ■ •) 

i-l 

E N i( s > s ') 

= (-l)«=i \N Pl (s,s')N P2 (s,s')---N Pi _ 1 (s,s')0 Pt (s,s')N Pi+1 (s,s')---) , 
al s ,(Pi)\N Pl (s, s')N P2 (s, /)■■■ N^s, s')l Pi (s, s')N Pi+1 (s, s') ■ ■ •) = , 

<.'(Pi)l^i(s» «')iV P2 ( S , s') • • • A^s, s')0 Pi (s, s')iV Pl+1 ( S , s') • • •) 

= (-i)«=i |iv pl ( s , s / )iv P2 (^^---^- 1 (s,s / )i Pl (s, s , )^ +1 (^^---) • 

(19) 

In Eq. (19), we use a S;S i to represent one kind of the annihilation operators b(p, s) and d(p, s), 
and use al s , to represent one kind of the creation operators tf(p, s) and d\p, s). 

From Eq. (10) the expectation value between any non- vacuum state |\&) for the Moyal 
anticommutator is given by 

+ {<ft(p, s)v a (p, 8 )e**, d(p>, s')Mp', s')e-^'- x '}] 
J {2tt) 6 h p s=1 2 



(20) 



To consider the different cases of the occupation numbers for the Dirac field quanta, in the 
second equality of Eq. (20), we need to consider the different orders for the Moyal star- 
products in fact. However because e~ w ' x *e %p ' x ' = e ip ' x ' *e~' tp ' x and e~ w ' x '*e w ' x = e ip ' x * e~ tp ' x \ 
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we can neglect these difference. Therefore we obtain 



d 3 p 



(2n) 3 2E p 
d 3 p 



m) al3 e- ip - x '*e tp - x } 



(2n) 3 2E p 
iS a p(x - x) . 



(i> + m) a/3 e- ip -^') + (i6-m) Q ^ 



■{x-x') 



(21) 



We can also obtain 



(*|{Vfe(x),VfeOO}*l*> = (*|{^),V^')}*I*> = , (22) 

(vl/|{^(x,t),^(x',t)},|M/) = 7 V 3 (x-x') . (23) 

Thus the results of Eqs. (21) to (23) are equal to that of Eqs. (12), (15), and (16) of the 
vacuum state expectation values. We can see that the properties of the anticommutation 
relations for the creation and annihilation operators of Eq. (7) are still reflected in the 
above evaluations for the non- vacuum state expectation values of the Moyal anticommutators. 
Although the Lorentz invariant singular function S(x — x') is zero for a spacelike interval 
of the two spacetime coordinates, we cannot deduce that Dirac fields on noncommutative 
spacetime satisfy the microscopic causality principle from Eqs. (12) and (21) as that for the 
scalar field case [7], for the reason that the physical observables for Dirac fields are not ip(x) 
and ip(x) directly, they are some bilinear forms constructed from ip(x) and ip(x). For the 
microscopic causality problem of Dirac fields on noncommutative spacetime, we will discuss 
it in a following paper. 

The same as quantum fields on ordinary commutative spacetime [8,9], we can decom- 
pose the Fourier expansion of the free Dirac field into positive frequency part and negative 
frequency part: 

^(x) = ifj + (x) +tp~(x) , (24) 

where 

^ + ^ = J (2^72 /J ^ b(p,s)u(p,s)e- ip - x , 

^(^/T^/lE^fe^^. (25) 
For the conjugate field we have 

i;{x) =^ + (x) +^~(x) , (26) 
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V>» = / E s ) e ^ • ( 27 ) 

^7TJ 7 V s=lj2 

According to Eq. (11), we can decompose the vacuum expectation value of the Moyal anti- 
commutator into two parts: 

(0\{Mx),^W)}M = (0|{^(x),^-(x')},|0) + (0|{C(z),?5(z')}*|0> , (28) 

where 

(0\{^(x)^-(x')U0) 
= <°l / E {6( P ,a)«a(p,a)e-^,6t(p ja )« /J (p >a )e*-*'} |0) 

^7TJ £/p s=lj2 

= / E « a (p ja )B /J ( P)a ) e -*-** e *-*' 

= (i fi x + m) a/3 iA + (x - x) = -iS+Jx - x) , 



and 



<o|{^-(x),vJ(^)}*|o> 

E {^(p,a)t;a(p,a)e*-*,d( P)a )t; /9 (p, a )e-*-*'} |0> 
— —iSapi 30 ~ x ') — iStpi x ' ~ X ) 1 



(29) 



(30) 



because A (x — x') = —A + (x' — x). Thus we have 

(0|{^(x),^(x')},|0) = -i[S^(x - x') + S- p {x - x')] , (31) 
and we have defined 

S afS (x - x') = 5+3(2; - x') + S~ p {x - x') . (32) 

We can also see that if we replace the vacuum state by any non-vacuum state in the above 
formulas the results will not change. The above results are also equal to the corresponding 
anticummutators of Dirac fields in ordinary commutative spacetime. 
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For the anticommutators of Eqs. (29) and (30), we can rewrite them furthermore: 



(0|W(x),V>-(*')}*|0> = (0|#(aO*^(zO|0) 
= (Q\^ a (x) *i>p{x'M = -iS+ p {x - x>) , 

(33) 

(0\{^-(x),^(x')U0) = (0\^(x')^-(x)\0) 
= (0\il; p (aO*M*)\0) = -iS- p {x-x') . 

(34) 

We define the time-ordered Moyal star-product of two Dirac field operators to be 

T^ a (x) *^(x') = 9(t - t')ip a (x) *tfp(a/) - 9{t' - t)^ p {x')^^ a {x) , (35) 

where 9(t — t') is the unit step function. We can calculate the vacuum expectation value of 
Eq. (35): 

(0\Tip a (x) *^(a0|0) = 0(t - t)(0\Mx) *^(x')\0) - 9(t' - t)(0\^(x') * Va(z)|0) • (36) 

Equation (36) is just the Feynman propagator of Moyal star-product for Dirac field. We can 
call it the Feynman Moyal propagator for convenience. To introduce the singular function 
Sf{x), we can write the Feynman Moyal propagator (36) as 

(0\TiP a (x) *^(a0|0) = iS F (x - x% p . (37) 

From Eqs. (33), (34), and (36), we have 

S F (x - x') al3 = -[0(t - t')S+p(x - x') - 9(t' - t)S-p(x - x 1 )} , (38) 

where the momentum integral representation for the singular function Sp{x — x') is given by 

From the above results, we can see that the Feynman Moyal propagator of Dirac field on 
noncommutative spacetime is just equal to the Feynman propagator of Dirac field on or- 
dinary commutative spacetime. However it is necessary to point out that in Eq. (35) for 
the definition of the time-ordered Moyal star-product of two Dirac fields, we have made a 
simplified manipulation. This is because the Moyal star-products are not invariant generally 
under the exchange of the orders of two functions, for the second term of the right hand side 
of Eq. (35) we need to consider this fact. In the Fourier integral representation, it can be 
seen clearly that the second term of the right hand side of Eq. (35) will have an additional 
phase factor e ipxp ' in contrast to the first term of the right hand side of Eq. (35) due to the 
exchange of the order of ip a (x) and if}p{x') for the Moyal star-product. However in Eq. (36) 
when we calculate the vacuum expectation value for Eq. (35), we can see that the non-zero 
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contribution comes from the p = p' part inside the integral (cf. Eqs. (29) and (30)). This 
will make the phase factor to be e ipxp , which is 1 due to the antisymmetry of 8^. Thus in 
the right hand side of Eq. (35), we can omit this effect in the exchange of the order of two 
Dirac fields for their Moyal star-product equivalently. 

Just like that in ordinary commutative spacetime, the physical meaning of the Feynman 
Moyal propagator (36) can also be explained as the vacuum to vacuum transition amplitude 
for Dirac fields on noncommutative spacetime. The reason why we would like to construct 
the Feynman propagators of Moyal star-products for quantum fields on noncommutative 
spacetime is that: for noncommutative field theories we can establish their S'-matrix where 
the products between field operators in Hint are Moyal star-products. From the Wick's 
theorem expansion for the time ordered products of field operators, there will occur the 
Feynman Moyal propagators. Therefore it is necessary to study Feynman propagators of 
Moyal star-products for quantum fields on noncommutative spacetime. 
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